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Abstract. We give a very short and rather elementary proof of Gromov's filling volume 
inequality for >i-dimensional Lipschitz cycles (with integer and Z2-coefficients) in L°°- 
spaces. This inequality is used in the proof of Gromov's systolic inequality for closed 
aspherical Riemannian manifolds and is often regarded as the difficult step therein. 



1. Introduction 

Gromov's well-known systolic inequality in J2 asserts that for any n -dimensional closed 
aspherical Riemannian manifold (M'\g), the shortest length syS[ (M'\ g) of a non-contract- 
ible loop in M" satisfies 

(1) S ys l (M",g)<c n Wol(M , \g)K 

with c„ only depending on n. The proof of this relies on the following isoperimetric in- 
equality, often regarded as the difficult step in the proof. 

Theorem (Gromov 2.3]). Let X be an U° -space and n > 1. Then the filling volume of 
any n-dimensional singular Lipschitz cycle z in X with integer or T^-coefficients satisfies 

Fillvol(z)<C„Vol(z) 1+ ^ 

where C„ depends only on n. 

Here, X is said to be an L°°-space if X = L°°(Q), the space of bounded functions on some 
set O, endowed with the supremum norm. Furthermore, Fillvol(z) is the least volume of an 
(n + l)-dimensional singular Lipschitz chain in X with boundary z- 

The proof given by Gromov in |2| in fact applies not only to L°° but to arbitrary Banach 
spaces and to Riemannian manifolds admitting cone type inequalities and also works for 
cycles with real coefficients. For the systolic inequality, however, the above theorem is 
enough. In (4) it was later shown, that Gromov's result (for cycles with integer coefficients) 
extends to the setting of complete metric spaces admitting cone type inequalities. The 
arguments in H rely on the theory of integral currents in metric spaces (T|; these give a 
generalization of Lipschitz chains (only) with integer coefficients. 

The purpose of this note is to provide a short and rather elementary proof of the above 
theorem. The main idea stems from Q, but our proof does not use at all the theory of 
currents. Apart from being less than two pages, it enjoys the following features different 
from Firstly, it works also (and without modification) for CAT(0)-spaces, i.e. simply 
connected geodesic metric spaces of non-positive curvature in the sense of Alexandrov. 
Secondly, it does not use the Federer-Fleming isoperimetric inequality in R N and in fact 
yields a new proof for the isoperimetric inequality in Euclidean space. 
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2. Singular Lipschitz chains 

Recall from (2| that a singular Lipschitz n-chain is a formal finite sum c = Ya=\ m if^ 
where the tpi are Lipschitz maps <pi : A" — » X and the m,- values in Z or Z2. Here A" c R" +1 
is the standard «-simplex. The boundary dc is by definition the singular Lipschitz chain 
dc — Yj k i=\ m idfi, where dipt is the (n - l)-chain induced by restricting <pi to the faces of A". 
The volume of c is Vol(c) := 2 Nil Vol(^)/), where Vol(^;) is the 'parametrized' volume 
of if. In the setting of Banach spaces there exists more than one suitable definition of 
volume. Therefore, Vol(^),) may be chosen to be the parametrized Hausdorff, the Holmes- 
Thompson, or Gromov's mass* volume. Since all these volumes agree up to a factor at 
most «"' 2 the choice of volume is irrelevant for the proof of the isoperimetric inequality. In 
what follows singular Lipschitz n-chains will simply be called «-chains. 
For the proof of the isoperimetric inequality the following three basic facts will be needed: 
There exist constants A„ > 2 n~"' 2 a>„ and D„,E„ depending only on n and the chosen 
volume such that the following properties hold (u>„ denotes the volume of the unit ball in 
R n ): Let X be a metric space and z an n-cycle in X. 

Coarea formula: Given a Lipschitz function g : X — > R with Lipschitz constant 1 then 

(2) Vol„_i(z n \g = r}) < E n — Vol„(z n [g < r}) 

ar 

for almost every r e R. Furthermore, z n {g = r] is an (« - l)-cycle for almost every r e R 
(after a minor 'smoothening' of \g = r}). 

Cone inequality: If X is a CAT(O) or a Banach space and xq e X then the (n + l)-chain c 
in X obtained by joining each point in z by the geodesic line (respectively, straight line if 
X is a Banach space) with xq satisfies dc - z and 

(3) Vol„ +1 (c)< D n RVol n (z), 

where R is the smallest number such that z is contained in the ball or radius R around xq. 
Lower density estimate: For almost every x in the support of z 

(4) lim inf — Vol„(z n B(x, r)) > A„. 

)->o + r n 

If X is a Banach space and Vol is Gromov's mass* volume then D„ < 1 and E„ — 1. If X is 
a CAT(0)-space then all the definitions of volume agree and we have D„ = -j-j- and E n = 1. 
Gromov's proof |2] uses the coarea formula and the cone inequality, but not the lower den- 
sity estimate (which is false for chains with real coefficients). Note that © is clear when z 
is a piecewise C'-submanifold. In our arguments this will be enough (by a 'smoothening' 
argument). For Lipschitz cycles the proof is given in Q. 

3. The short proof 

Fix a definition of volume, let « > 1 and let A n , D n , E„ be the corresponding values from 
Section|2] We abbreviate Vol = Vol„. Let < e < 1 be given. 
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Proposition. Let X be a metric space and let z be an n-cycle in X, n > 2. There exist finitely 
many pairwise disjoint closed balls Bi C X, i = 1, . . .,k, with the following properties: 

(i) The volume of z contained in each ball is 'not too small': 

Vol(z n Bd > 4 "A„ediam( J B 1 )". 

(ii) The restriction z ft Bi is an n-chain whose boundary has 'small' volume: 

\o\„-x(d(z n Bj)) < E n (A n s)»n Vol(z n B^ . 

(iii) An essential part of the volume of z is contained in the union of these balls: 

Vol ( z n (J fl,-)> ^Vol(z). 

Proof. For x e sptz and r > define V(x, r) := Vol(z n B(x, r)) and 

r (x) := max{r > : V{x, r) > A n er"}. 

Note that < ro(x) < oo for almost every x e sptz by the lower density estimate; moreover 

V(x,5r (x)) < 5"A„sr (x)" = 5"V(x, r (x)). 

By Vitali's 5r-covering lemma there exist finitely many points x; e sptz, i — I,..., k, such 
that the balls fi(x,, 2ro(x,)) are pairwise disjoint, the balls Z?(x,-, 5ro(x,)) cover sptz and 

Vol (z n (J B(xi, r (xi))) > 1 Vol(z). 

Fix i € (1, . . . , k}. By the the definition of ro(x,) there exists a non-negligible set of points 
r e (r (x,), 2r (xi)) with 

— V(xi,r) < (A„s)--nV(xi,r) » , 
therefore, by the coarea inequality, 

(5) Vol„_i(d(z n B(x,-, r)) = Vol„_i(z n {x : af(x, x ; ) = r}) < E„{A„s)"n Vol(z n B(x ; , r))^ . 

Choose an r such that (0 holds and set Bj := B(x,, r). The so defined B, clearly satisfy (i), 
(ii) and (iii). □ 

Let now X be a CAT(O) or an L°° -space. 

Proof of Gromov's theorem. The proof is by induction on n and the case « = 1 is trivial, 
since the diameter of a closed curve is bounded by its length and thus the isoperimetric 
inequality is a direct consequence of the cone inequality. Suppose now that n > 2 and that 
the statement of the theorem holds for (« - l)-cycles with some constant C„_i > 1. Set 



1 1 



s :- mm < 



4>'- l C>^\A„E><n"' 2 



let z be an «-cycle in X and choose a ball B of finite radius which contains z. Let Bi, . . . , 
be balls as in the proposition. By the isoperimetric inequality in dimension n - 1 we can 
choose for each i = 1, . . . ,k an «-chain c, satisfying 3c, = <9(z n Bi) and 

(6) Vol(c,) < C„_i Vol„_i(5(z n Bd)* < \ Vol(z n £,)• 

Here the second inequality follows from (ii) and the definition of e. We may of course 
assume that c, is contained in B, since otherwise we can project it to Bi via a 1-Lipschitz 
projection P : X — > B, (and this decreases the volume). If X — L° 3 (f2) then P(f)(y) := 
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sgn(/(y)) min{|/(j)|, 1 }. If X is a CAT(0)-space then P is the orthogonal projection onto Bj. 
Set zt := (z n B,-) - a and 

z :=z-J]z i = (zn(uB i ) c )-J]c i . 

i=\ i=l 

Observe that these are n-cycles and that, by (O, 

(7) ^ Vol(z n Bi) < Vol(z;) < - Vol(z n fi,). 
From the proposition and from ©, (Q we conclude 

4 i /4" +1 \" 

(8) diam(z,) < diam B, < Vol(z n B,)» < — — Vol(z,)» 

(A n s)n \3A„e/ 

and 

I 



XiVol(£«) 



+ Vol(z') < Vol(z) 



as well as Vol(z') < (1 - |5~") Vol(z). After further decomposing z' as above we may 
assume that Vol(z') is as small as we want. Let c, and c' be (« + l)-chains with boundaries 
Zi and z' , respectively, and which satisfy the cone inequality. Note that we can make Vol(c') 

as small as we wish because diamz' < diamB < oo. The (n + l)-chainc := c\-i hq +c' 

has boundary z and satisfies 

Vol(c) < Vol(c,) + • ■ • + Vol(c t ) + Vol(c') < C„ Vol(z) 1+ » 

for some C„ only depending on «. This is a consequence of (|S), ©, and the fact that for 
a i , . . . , «i > and a > 1 

a" H 1- a% < (ai + ■ • • + at) a . 

This concludes the proof. □ 

By evaluating the expressions in the proof one sees that the constant C„ is bounded above 
by 

C„ < 21nD n E n C%. 

In particular, if Vol is Gromov's mass* volume, the isoperimetric constant is bounded from 
above by 21" n\. Note that this is smaller than the constant which appears in J2). 
Clearly, our proof works for all metric spaces with cone inequality for which there exist 
1-Lipschitz projections onto closed balls. 

References 

[1] L. Ambrosio, B. Kirchheim: Currents in metric spaces, Acta Math. 185 (2000), no. 1, 1-80. 

[2] M. Gromov: Filling Riemannian manifolds, J. Differential Geom. 18 (1983), no. 1, 1—147. 

[3] B. Kirchheim: Rectifiable metric spaces: local structure and regularity of the Hausdorff measure, Proc. 

Am. Math. Soc. 121 (1994), no. 1, 113-123. 
[4] S. Wenger: Isoperimetric inequalities of Euclidean type in metric spaces, Geom. Funct. Anal. 15 (2005), 

no. 2, 534-554. 



Courant Institute of Mathematical Sciences, 251 Mercer Street, New York, NY 10012 
E-mail address: wenger@cims . nyu . edu 



